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GLUCK TWISTS ALONG 2-KNOTS WITH PERIODIC MONODROMY
MIZUKI FUKUDA
Abstract. The union of singular orbits of an effective locally smooth circle action on
the 4-sphere consists of two 2-knots, K and K ′, intersecting at two points transversely.
Each of K and K ′ is called a branched twist spin. A twist spun knot is an example
of a branched twist spin. The Gluck twists along branched twist spins are studied by
Fintushel, Gordon and Pao. In this paper, we determine the 2-knot obtained from K by
the Gluck twist alongK ′. As an application, we give infinitely many pairs of inequivalent
branched twist spins whose complements are homeomorphic.
1. Introduction
A branched twist spin is a 2-knot in S4 that is invariant under an effective locally
smooth S1-action on S4, which is studied by Pao in [9] and then Hillman and Plotnick
in [5]. It was not obvious that the total space of a branched twist spin is S4. Historically,
Montgomery and Yang showed that effective locally smooth S1-actions are classified into
four types [7], Fintushel showed that there is a bijection between orbit data and weak
equivalence classes of S1-actions on homotopy 4-spheres [1], and then Pao showed that
the homotopy 4-sphere is actually the 4-sphere [9] by using a certain induction.
We introduce a branched twist spin briefly. Suppose that S1 acts locally smoothly
and effectively on S4 and the orbit space is S3. Then there are at most two types of
exceptional orbits called Zm-type and Zn-type, where m,n are coprime positive integers.
Let Em (resp. En) be the set of exceptional orbits of Zm-type (resp. Zn-type) and F be
the fixed point set. The image of the orbit map of En, denoted by E
∗
n, is an open arc
in the orbit space S3, and that of F , denoted by F ∗, is the two points in S3 which are
the end points of E∗n. It is known that E
∗
m ∪ E
∗
n ∪ F
∗ constitutes a 1-knot K in S3 and
En∪F is diffeomorphic to the 2-sphere. The (m,n)-branched twist spin of K is defined as
En ∪ F . Note that it is known by Plotnick that a fibered 2-knot is a branched twist spin
if and only if its monodromy is periodic [10]. Therefore, this class has special importance
among other known classes of fibered 2-knots. Also note that spun knots and twist spun
knots are included in the class of branched twist spins. The definition of a branched twist
spin is generalized for (m,n) ∈ Z × N in [2] by taking the orientation of S4 and that of
the S1-action into account, see Section 2.1. We denote it by Km,n.
The Gluck twist is one of the important surgeries of 4-manifolds. It is known that a
manifold obtained from S4 by the Gluck twist along a 2-knot is a homotopy 4-sphere.
However, it is still a question whether the Gluck twist along a 2-knot yields again S4 or
not [6]. In 1976, Gordon showed that the manifold obtained from S4 by the Gluck twist
along an m-twist spun knot Km,1 is always S4 for any K and integer m [4], and Pao
showed the same statement for all branched twist spins implicitly [9].
2010 Mathematics Subject Classification. Primary 57Q45; Secondary 57M60, 57M27.
Key words and phrases. 2-knots, circle actions, Gluck twists.
1
2 MIZUKI FUKUDA
The aim of our study is to clarify which 2-knot can be obtained by the Gluck twist
along a branched twist spin. Our main theorem is the following:
Theorem 3.2. Let (m,n) ∈ (Z \ {0})× N be a coprime pair. Then Km+n,n is obtained
from Km,n by the Gluck twist along Kεn,εm, where ε = 1 if m > 0 and ε = −1 if m < 0.
In consequence, we see that the 2-knot treated in the paper of Gordon [4] is Kε
′m,ε′(m+1),
where ε′ = 1 if m+1 > 0 and ε′ = −1 if m+ 1 < 0 . We remark that Pao used a surgery
along a branched twist spin to show that the total space is S4. Actually this surgery
is nothing but the Gluck twist observed in Theorem 3.2. The proof of Theorem 3.2 is
based on the Gordon’s method in [4]. The 4-sphere decomposes into five connected pieces
with respect to the orbit data of the S1-action. Both of the complements of Km,n and
Kεn,εm can be obtained by gluing some of these pieces, and filling the remaining pieces
correspond to the Gluck surgeries. The proof is done by observing this decomposition
more precisely with information of the S1-action. As a corollary, we have the following.
Corollary 3.3. Assume that m is odd andKm,n is non-trivial. Then Km,n andKε
′m,ε′(m+n)
are not equivalent but their complements are homeomorphic, where ε′ = 1 if m + n > 0
and ε′ = −1 if m+ n < 0.
This paper is organized as follows: In section 2, we give a decomposition of S4 with
respect to the orbit data of an S1-action, define the (m,n)-branched twist spin as an
oriented 2-knot, introduce the Gluck twist briefly and set notations that will be used in
Section 3. In Section 3, we explicitly explain the Gluck twist along an (m,n)-branched
twist spin by showing the gluing maps of the pieces of the decomposition and prove the
main theorem.
Acknowledgements. The author would like to express his deep gratitude to Masaharu
Ishikawa for the helpful suggestions and his encouragement. The author is supported by
JSPS KAKENHI Grant Number 18J11484.
2. Preliminaries
2.1. Branched twist spin. Suppose that S4 has an effective locally smooth S1-action.
Let Em denote the set of exceptional orbits of Zm-type, where m is a positive integer,
and F be the fixed point set. Let E∗m and F
∗ denote the image of Em and F by the
orbit map, respectively. Montgomery and Yang showed that effective locally smooth S1-
actions are classified into the following four types: (1) {D3},(2) {S3}, (3) {S3, m}, (4)
{(S3, K), m, n}, which are called orbit data [7]. The 3-ball and the 3-sphere in these
notations represent the orbit spaces. In case (4), the union E∗m ∪ E
∗
n ∪ F
∗ constitutes a
1-knot K in the orbit space S3 and the union En ∪ F constitutes a 2-knot in S
4. In case
(3), for an arc A∗ in S3 whose end points are F ∗, the union of the preimage of A∗ and F
constitutes a 2-knot in S4, which is called a twist spun knot.
We recall the definition of (m,n)-branched twist spins for (m,n) ∈ Z × N in [2]. Fix
the orientations of S4 and the S1-action. Set K = E∗m ∪E
∗
n ∪F
∗, which is a 1-knot in S3,
and N(K) to be a compact tubular neighborhood of K. Let (m,n) be a pair of integers
in (Z \ {0})×N such that |m| and n are coprime. We decompose the orbit space S3 into
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five connected pieces as follows:
(2.1) S3 = (D3∗1 ⊔D
3∗
2 ) ∪ (E
c∗
n ×D
2) ∪ (Ec∗m ×D
2) ∪X,
where X = S3 \ intN(K), D3∗1 ⊔D
3∗
2 is a compact neighborhood of F
∗ and Ec∗m and E
c∗
n
are the connected components of K \ int(D3∗1 ∪D
3∗
2 ) such that E
c∗
m ⊂ E
∗
m and E
c∗
n ⊂ E
∗
n,
see Figure 1. Using this decomposition, we have a decomposition of S4 as follows: Let
p : S4 → S3 denote the orbit map. Each point of X is the image of a free orbit. Thus
the preimage p−1(X) is diffeomorphic to X × S1 and p|X×S1 : X × S
1 → X is the first
projection since H2(X ;Z) = 0. Let B4i be a linear slice at the fixed point in p
−1(D3∗i ),
which is a closed 4-ball, for i = 1, 2. Choosing a point z∗m ∈ E
c∗
m , let D
2∗
z∗m
be a 2-disk in S3
centered at z∗m and transversal to E
c∗
m . The preimage p
−1(D2∗z∗m) is a solid torus Vm whose
core is an exceptional orbit of Zm-type. In the same way, choosing a point z
∗
n ∈ E
c∗
n , let
D2∗z∗n be a 2-disk in S
3 centered at z∗n and transversal to E
c∗
n . The preimage p
−1(D2∗z∗n) is a
solid torus Vn whose core is an exceptional orbit of Zn-type. Then S
4 is decomposed into
the five connected pieces:
(2.2) S4 = (B41 ⊔ B
4
2) ∪ (Vn ×E
c∗
n ) ∪ (Vm ×E
c∗
m ) ∪ (X × S
1).
Figure 1. Decomposition of N(K)
Definition 2.1 (Branched twist spin). Let K be an oriented knot in S3. For each pair
(m,n) ∈ Z× N with m 6= 0 such that |m| and n are coprime, let Km,n denote the 2-knot
En ∪F . If (m,n) = (0, 1) then define K
0,1 to be the spun knot of K. The 2-knot Km,n is
called the (m,n)-branched twist spin of K.
Note that the branched twist spin Km,1 constructed from {(S3, K), m, 1} is the m-twist
spun knot of K.
2.2. Gluck twist. Let M be an (n+2)-dimensional manifold and L be an n-knot in M .
We can construct a new manifold by removing an open neighborhood intN(L) of L and
regluing Sn ×D2 with some homeomorphism γ : Sn × S1 → Sn × S1. The pair (M,Sn)
only depends on the homeotopy class of γ, and Gluck showed the group of homeotopy
classes is isomorphic to Z2 × Z2 ×Z2 if n ≥ 2 [3]. The first two factors correspond to the
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orientation-reversals of Sn and S1 and the last factor is generated by σ = ν ∪ ν ′ defined
by
ν(x, (r, θ), φ) = (x, (r, θ − φ), φ) (x, (r, θ), φ) ∈ (∂Dn−1 ×D2)× S1 ⊂ Sn × S1,
ν ′(x, θ, φ) = (x, θ − φ, φ) (x, θ, φ) ∈ (Dn−1 × ∂D2)× S1 ⊂ Sn × S1.
The map σ represents the twist of Sn about its polar Sn−2 once while Sn rotates one
time along S1. The operation that constructs a new manifold by removing an open
neighborhood intN(L) of L and regluing Sn ×D2 with σ is called the Gluck twist of M
along L. We denote by Σ(L) the manifold obtained by the Gluck twist of S4 along L.
For twist spun knots, Gordon showed Σ(Km,1) = Σ(Km+1,1) by constructing these
manifolds from the pieces in (2.2).
3. Proof of Theorem 3.1.
In this section, we assume that m 6= 0, that is, we only consider the S1-action whose or-
bit data is {(S3, K), m, n}. Note that the orbit data {S3, m} is regarded as {(S3, K), m, 1}
by taking an arc A∗ in the images of free orbits in S3 so that the union of E∗m and A
∗ is
K.
3.1. Decomposition of S4 along Km,n. Let N(Km,n) be a compact tubular neighbor-
hood of Km,n and Xm,n = S4 \ intN(Km,n) be the knot complement of Km,n. In this
section, we construct Xm,n from the pieces in (2.2) by defining attaching maps concretely.
From the given orientations of S4 and the S1-action, we first fix coordinates on ∂X×S1
as follows. Let (θ, x) be coordinates on ∂X ∼= ∂D2 × S1 such that θ is the meridian and
x is the longitude of K in S3. The coordinates on ∂X × [0, 1] ⊂ X are given by (θ, x, y),
where ∂X lies in ∂X×{0}. Reversing the direction of θ if necessary, we may assume that
the coordinates (θ, x, y, h) on ∂X × [0, 1]× S1 are consistent with the orientation of S4,
where h is the direction of the S1-action. The orientation of X is given by (θ, x, y). Then,
using the projection ∂X × [0, 1] × S1 → ∂X × S1, we have the coordinates (θ, x, h) on
∂X × S1. Next we define coordinates on ∂Vm × E
c∗
m . The 4-ball B
4
1 is homeomorphic to
D2m ×D
2
n, where D
2
m (resp. D
2
n) is a 2-disk whose center corresponds to the exceptional
orbit of Zm-type (resp. Zn-type). The boundary ∂B
4
1 is homeomorphic to Vm∪Vn, where
Vm = D
2
m×∂D
2
n and Vn = ∂D
2
m×D
2
n. Let (r1, θ1) be polar coordinates of D
2
m and (r2, θ2)
be polar coordinates of D2n such that (r1, θ1, r2, θ2) are consistent with the orientation of
S4. We may choose the indices of B1 and B2 such that the direction of x is from the origin
of B1 to that of B2 through E
c∗
m , see Figure 2. The coordinates on ∂Vm × E
c∗
m are given
as (θ1, r2, θ2) and r2 coincides with x on ∂Vm × E
c∗
m . Thus the coordinates on ∂Vm ×E
c∗
m
are given as (θ1, x, θ2).
As we mentioned in Section 2.1, the free orbits are curves on ∂Vm ∼= ∂D
2
m×∂D
2
n rotating,
up to orientation, m times along ∂D2n and n times along ∂D
2
m. Changing the coordinates
(θ1, θ2) into (−θ1,−θ2) if necessary, we assume that the free orbits on ∂Vm ∼= ∂D
2
m× ∂D
2
n
are rotating εm times along ∂D2n and εn times along ∂D
2
m, where ε = 1 if m ≥ 0 and
ε = −1 if m < 0. Comparing the free orbits in ∂D2m × E
c∗
m × ∂D
2
n and ∂X × S
1, we can
see that the gluing map g : ∂D2m×E
c∗
m ×∂D
2
n → ∂X×S
1 of D2m×E
c∗
m ×∂D
2
n and X×S
1,
that yields Xm,n, satisfies the equality
(θ, x, h) = g(αθ + εnh, x,−βθ + εmh),
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where α and β are integers satisfying mα + nβ = ε. Since the orientations of (θ, x, y, h)
and (r1, θ1, r2, θ2) coincide with that of S
4, the map g is orientation preserving. In terms
of the coordinates (θ1, x, θ2), we can write g as
g(θ1, x, θ2) = (εmθ1 − εnθ2, x, βθ1 + αθ2).
Let cθ, ch, cθ1 and cθ2 be 1-cycles given by
cθ = {(θ, xˆ, hˆ) ∈ ∂X × S
1 | θ ∈ [0, 2pi]},
ch = {(θˆ, xˆ, h) ∈ ∂X × S
1 | h ∈ [0, 2pi]},
cθ1 = {(θ1, xˆ, θˆ2) ∈ ∂Vm × E
c∗
m | θ1 ∈ [0, 2pi]},
cθ2 = {(θˆ1, xˆ, θ2) ∈ ∂Vm × E
c∗
m | θ2 ∈ [0, 2pi]},
where xˆ, hˆ, θˆ1 and θˆ2 are constants. These cycles are oriented according to the coordinates
θ, h, θ1 and θ2. By using these 1-cycles, the induced map g∗ : H1(∂D
2
m × E
c∗
m × ∂D
2
n) →
H1((∂X × S
1) ∩ (∂Vm × E
c∗
m )) is represented as
(3.1) (g∗(cθ1), g∗(cθ2)) = (cθ, ch)
(
εm −εn
β α
)
,
which corresponds to f−1
∗
defined in [2].
Figure 2. The coordinate x on Vm × E
c∗
m and Vn × E
c∗
n
In summary, we have
(3.2)
S4 = N(Km,n) ∪Xm,n
= ((B41 ∪ B
4
2) ∪ (∂D
2
m × E
c∗
n ×D
2
n)) ∪X
m,n
= ((B41 ∪ B
4
2) ∪ (∂D
2
m × E
c∗
n ×D
2
n)) ∪ ((D
2
m × E
c∗
m × ∂D
2
n) ∪g (X × S
1)).
Next we define the gluing map of ∂D2m ×E
c∗
n ×D
2
n and X × S
1. As we did for B41 , the
coordinates of B42
∼= D2m
′
×D2n
′
is defined as (r′1, θ
′
1, r
′
2, θ
′
2), where (r
′
1, θ
′
1) and (r
′
2, θ
′
2) are
polar coordinates on D2m
′
and D2n
′
, respectively. Since D2m
′
× ∂D2n
′
⊂ D2m × E
c∗
n × ∂D
2
n
we may assume that r1 = r
′
1, θ1 = θ
′
1 and θ2 = θ
′
2. Comparing the coordinates r2 of
(r1, θ1, r2, θ2) and r
′
2 of (r
′
1, θ
′
1, r
′
2, θ
′
2), we have r2 = −r
′
2, see Figure 3. Then, as we did for
g, the gluing map e : ∂D2m ×E
c∗
n × ∂D
2
n → ∂X × S
1 is defined as
e(θ′1, r
′
2, θ
′
2) = (εmθ
′
1 − εnθ
′
2, r
′
2, βθ
′
1 + αθ
′
2).
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Replacing x by r′2, we have
(3.3) e(θ1, x, θ2) = (εmθ1 − εnθ2, x, βθ1 + αθ2).
Since the disjoint union of 4-balls B41∪B
4
2 is a cone of the union of Vn×∂E
c∗
n and Vn×∂E
c∗
n ,
B41∪B
4
2 and (∂D
2
m×E
c∗
n ×D
2
n)∪eX
m,n are glued identically along ∂B41 ∪∂B
4
2 . This means
e ∪ id is the attaching map of (∂D2m × E
c∗
n ×D
2
n) ∪ (B
4
1 ∪B
4
2) and X
m,n, that yields S4.
Figure 3. The coordinates r1, r2, r
′
1, r
′
2 and x
3.2. Gluck twist along Km,n. We give a decomposition of Σ(Km,n) from the decom-
position (3.2). By definition, Km,n is the core of the union of D2m × ∂F
∗ × D2n and
∂D2m ×E
c∗
n ×D
2
n and Σ(K
m,n) is diffeomorphic to (S2 ×B2) ∪σ X
m,n. Here
S2 × B2 ∼= (D2 × ∂I ×B2) ∪id
∂D2×∂I×B2
(∂D2 × I ×B2)
is regarded as
(D2m × ∂E
c∗
n ×D
2
n) ∪id∂D2m×∂Ec∗m×D2n
(∂D2m ×E
c∗
n ×D
2
n),
where id∂D2×∂I×B2 is the canonical gluing map on ∂D
2×∂I×B2 and id∂D2m×∂Ec∗n ×D2n is that
on ∂D2m× ∂E
c∗
n ×D
2
n. We use either D
2 or B2 instead of D2m, D
2
n and use I instead of E
∗
since we do not define the S1-action on the pieces (D2×∂I×B2)∪id
∂D2×∂I×B2
(∂D2×I×B2)
yet. Note that, before the Gluck twist, D2 × ∂I × ∂B2 and D2m × ∂E
c∗
m × ∂D
2
n are glued
identically. We denote this gluing map by e′′. The Gluck twist σ is the union of ν and ν ′
that are defined by
ν((r1, θ1), x, θ2) = ((r1, θ1 − θ2), x, θ2) on D
2 × ∂I × ∂B2,
ν ′(θ1, x, θ2) = (θ1 − θ2, x, θ2) on ∂D
2 × I × ∂B2.
Using these maps, the decomposition of Σ(Km,n) is given as
(3.4)(
(D2 × ∂I × B2) ∪id
∂D2×∂I×B2
(∂D2 × I ×B2)
)
∪λ∪λ′
(
(D2m × E
c∗
m × ∂D
2
n) ∪g (X × S
1)
)
,
where λ = e′′ ◦ ν and λ′ = e ◦ ν ′. Focusing on the coordinates of ∂D2 × ∂B2, we
may represent the map ν ∪ ν ′ by the matrix
(
1 −1
0 1
)
since it is given by (cθ1 , cθ2) 7→
(cθ1 , cθ2)
(
1 −1
0 1
)
. Therefore λ and λ′ are represented by the matrices
(
1 −1
0 1
)
and(
εm −εn
β α
)(
1 −1
0 1
)
, respectively.
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The next theorem is proved by Pao in [9]. We give a more precise proof of this assertion
which will be used in the proof of Theorem 3.2.
Theorem 3.1 (Pao). Let (m,n) ∈ Z×N be a coprime pair. Then Σ(Km,n) is diffeomor-
phic to S4.
Proof. Since it is known by Gordon that Σ(K0,1) is diffeomorphic to S4 [4], we assume
that m 6= 0. The proof is based on the Gordon’s argument in [4], that is, we rearrange
the decomposition (3.4) to another decomposition
(3.5)
(
(D2 × ∂I × B2) ∪iˆd (∂D
2
m × E
c∗
m ×D
2
n)
)
∪µ∪µ′
(
(D2 × I × ∂B2) ∪g˜ (X × S
1)
)
,
where µ and µ′ will be chosen such that the glued 4-manifold becomes Σ(Km+n,n). See
Figure 4 for this rearrangement.
Figure 4. Decompositions of Σ(Km,n) and Σ(Km+n,n)
First, we focus on (∂D2 × I ×B2) ∪λ′ (X × S
1). See the box of First step in Figure 5.
Let idX×S1 be the identity map on X × S
1 and u : D2 × I × ∂B2 → ∂D2 × I ×B2 be the
map defined by
u((r1, θ1), x, θ2) = (θ2, x, (r1,−θ1 + θ2)),
which corresponds to the matrix
(
0 1
−1 1
)
. Set id∂X×S1 to be the restriction of idX×S1
to ∂X × S1 and set uˆ = u|∂D2×I×∂B2 . Then u
−1 ∪ idX×S1 is a homeomorphism from
(∂D2 × I ×B2) ∪λ′ (X × S
1) to
(3.6) (D2 × I × ∂B2) ∪g˜ (X × S
1),
where g˜ = idX×S1 ◦ λ
′ ◦ uˆ. We can check that g˜ corresponds to the matrix(
1 0
0 1
)(
εm −εn
β α
)(
1 −1
0 1
)(
0 1
−1 1
)
=
(
ε(m+ n) −εn
−α + β α
)
.
If m < 0 and |m| < n then the left-top entry ε(m + n) of the above matrix is
negative. In this case, replacing (θ1, x, θ2) with (−θ1, x,−θ2), we may change the ma-
trix
(
ε(m+ n) −εn
−α + β α
)
into
(
−ε(m+ n) εn
α− β −α
)
=
(
ε′(m+ n) −ε′n
α− β −α
)
, where ε′ = 1 if
m + n > 0 and ε′ = −1 if m + n < 0, so that the left-top entry of the above matrix
becomes positive. This is necessary since the matrix presentation of the decomposition in
(3.1) is given with this property.
Next we focus on (D2 × ∂I × B2) ∪λ (D
2
m × E
c∗
m × ∂D
2
n). See the box of Second step
in Figure 5. Let v : D2m × E
c∗
m × ∂D
2
n → ∂D
2
m × E
c∗
m × D
2
n and w : D
2 × ∂I × B2 →
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D2 × ∂I × B2 be the homeomorphisms given by
(
0 −1
1 1
)
and
(
0 1
−1 0
)
, respectively.
Set vˆ = v|D2m×∂Ec∗m×∂D2n and wˆ = w|∂D2×∂I×B2 . Note that w is chosen so as to exchange
the basis of D2 and B2 in D2 ×B2 and v is chosen so that vˆ ◦ λ ◦ wˆ = iˆd, where iˆd is the
identification from ∂D2 × ∂I × B2 to ∂D2m × ∂E
c∗
m × D
2
n ⊂ ∂D
2
m × E
c∗
m × D
2
n. The map
w−1 ∪ v induces a homeomorphism from (D2 × ∂I ×B2) ∪λ (D
2
m × E
c∗
m × ∂D
2
n) to
(3.7) (D2 × ∂I ×B2) ∪iˆd (∂D
2
m × E
c∗
m ×D
2
n).
First step Second step
Figure 5. Replacing pieces of Σ(Km,n)
Finally we rearrange the decomposition (3.4) of Σ(Km,n) to the decomposition (3.5)
using (3.6) and (3.7), where µ and µ′ are chosen as µ = uˆ−1 ◦ id∂D2×∂I×B2 ◦ wˆ and
µ′ = id∂X×S1 ◦ g ◦ vˆ
−1. Note that these maps are the composites of the maps in the first
and second rows in Figure 5. We can check that µ corresponds to the matrix(
0 1
−1 1
)
−1(
1 0
0 1
)(
0 1
−1 0
)
=
(
1 1
0 1
)
and µ′ corresponds to the matrix(
1 0
0 1
)(
εm −εn
β α
)(
0 −1
1 1
)
−1
=
(
ε(m+ n) εm
−α + β β
)
.
By changing the orientations of θ1 and θ2 if necessary as before, the latter matrix is
replaced by
(
ε′(m+ n) ε′m
α− β −β
)
, which can be written as
(
ε′(m+ n) −ε′n
α− β −α
)(
1 1
0 1
)
.
Therefore the map µ∪ µ′ is nothing but the inverse of the Gluck twist σ on S4 along the
2-knot Km+n,n that is the core of (D2× ∂I ×B2)∪iˆd (∂D
2
m ×E
c∗
m ×D
2
n) before the Gluck
twist.
Since the Gluck twist σ is isotopic to σ−1, the 4-manifold on the right in Figure 4 is
Σ(Km+n,n). On the other hand, since the gluing maps in Figure 5 are commutative, the
4-manifold on the left in Figure 4 is diffeomorphic to that on the right. Thus Σ(Km,n) is
diffeomorphic to Σ(Km+n,n). All arguments in this proof can be applied to Kεn,εm instead
of Km,n. Finally, by using Euclidean algorithm as Pao did, we conclude
Σ(Km,n) = Σ(Kk,1) for some k ∈ Z.
Since Σ(Kk,1) is diffeomorphic to S4 [4], the assertion holds. 
Theorem 3.2. Let (m,n) ∈ (Z \ {0})× N be a coprime pair. Then Km+n,n is obtained
from Km,n by the Gluck twist along Kεn,εm, where ε = 1 if m > 0 and ε = −1 if m < 0.
GLUCK TWISTS ALONG 2-KNOTS WITH PERIODIC MONODROMY 9
Proof. We decompose S4 along Kεn,εm into five pieces and glue them so that it realizes
the Gluck twist of S4 along Kεn,εm. The glued 4-manifold Σ(Kεn,εm) is given as
(3.8)
(
(D2 × ∂I × B2) ∪ (D2 × I × ∂B2)
)
∪λ˜∪λ˜′
(
(∂D2m ×E
c∗
n ×D
2
n) ∪e (X × S
1)
)
,
where the gluing map λ˜∪λ˜′ is the one given in the decomposition (3.4) with exchanging the
orders m and n. Note that Σ(Kεn,εm) is S4 by Theorem 3.1. The union (D2×∂I×B2)∪λ
(∂D2m×E
c∗
n ×D
2
n) constitutes a neighborhood of a 2-knot in Σ(K
εn,εm) and our assertion
is that the core of this union is Km+n,n. Since the decomposition (3.8) is given according
to the orbit data {(S3, K), m, n}, the complement of (D2×∂I×B2)∪ (D2× I×∂B2) has
the S1-action such that {0}×I×∂B2 consists of exceptional orbits of order n. Thanks to
the classification of Fintushel and Pao, it is enough to show that this S1-action extends
to (D2 × ∂I × B2) ∪ (D2 × I × ∂B2) with exceptional orbits of order n and m+ n.
Recall that, in case of (3.4), λ : D2 × ∂I × ∂B2 → D2 × ∂I × ∂B2 is defined by
λ((r1, θ1), x, θ2) = ((r1, θ1 − θ2), x, θ2).
In the current setting, m and n are exchanged, and the “rolls” ofD2 and B2 are exchanged.
Hence the gluing map λ after the Gluck twist is changed into the map λ˜ : ∂D2×∂I×B2 →
∂D2 × ∂I ×B2 defined by
λ˜(θ1, x, (r2, θ2)) = (θ1, x, (r2,−θ1 + θ2)),
instead of λ. The S1-action on ∂D2m × E
c∗
n ×D
2
n before the Gluck twist is given as
ψ · (θ1, x, (r2, θ2)) 7→ (θ1 − εnψ, x, (r2, θ2 + εmψ)).
Hence, after the Gluck twist, the S1-action on ∂D2 × I × B2 is given by
ψ · (θ1, x, (r2, θ2)) 7→ (θ1 − ε
′nψ, x, (r2, θ2 + ε
′(m+ n)ψ)),
where ε′ = 1 ifm+n > 0 and ε′ = −1 ifm+n < 0. Thus the S1-action on the complement
of (D2 × ∂I × B2) ∪ (D2 × I × ∂B2) extends to D2 × I × ∂B2 with exceptional orbits of
order m+ n. Since ∂(D2 × ∂I × B2) is the union of ∂D2 × ∂I × B2 and D2 × ∂I × ∂B2
and they have the S1-actions with exceptional orbits of order n and m+ n, respectively,
these actions extend to D2 × ∂I × B2 canonically. Hence the S1-action extends to the
whole Σ(Kεn,εm). 
Note that we can regard the Gluck twist of S4 along Kεn,εm as the replacement of E∗n
by E∗m+n in the orbit space S
3, see Figure 6.
Figure 6. The change of the orbit space by the Gluck twist along Kεn,εm
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We close this paper with a corollary. In [4] Gordon showed that Km,1 is not determined
by its complement if m is odd and the universal cover of m-fold cyclic branched cover
of S3 along K is R3. This means that, due to Theorem 3.2, Km,1 is not equivalent
to Kε
′m,ε′(m+1) but the knot complements are homeomorphic. More generally, Plotnick
showed any non-trivial fibered 2-knot L with odd monodromy is not determined by its
complement [10]. In order to remove the assumption of Gordon’s statement, he used an
algebraic property of the knot group and “special isometry” on the second homotopy group
of a “spun manifold” of the closure of the fiber. Applying his observation to Theorem 3.2,
we may obtain the following corollary.
Corollary 3.3. Assume thatm is odd andKm,n is non-trivial. ThenKm,n andKε
′m,ε′(m+n)
are not equivalent but their complements are homeomorphic, where ε′ = 1 if m + n > 0
and ε′ = −1 if m+ n < 0.
Proof. Consider S4 with the S1-action of orbit data {(S3, K), m, n} and set Km,n = En∪F
and Kεn,εm = Em ∪F . Applying Theorem 3.2 to the Gluck twist along K
m,n, we see that
the 2-knot Kε(m+n),εm is obtained from Kεn,εm by the Gluck twist along Km,n and the
image of Km,n in Σ(Km,n) is Kε
′m,ε′(m+n). Moreover, Km,n and Kε
′m,ε′(m+n) have the same
complement. Since the order of the monodormy of Km,n is m, Km,n and Kε
′m,ε′(m+n) are
not equivalent by Theorem 6.2 in [10] if m is odd. 
Remark 3.4. A pair of two 2-knots (L, L′) is a Montesinos twin if L and L′ meet trans-
versely twice. By definition, the twin (Km,n, Kεn,εm) is a Montesinos twin. A 2-knot L
is said to be reflexive if L and the image of L by the Gluck twist along L are equiv-
alent. It is known by Hillman and Plotnick that Km,n is not reflexive if K is a non-
trivial torus or hyperbolic 1-knot, m > n and m ≥ 3 [5]. By Theorem 3.2, the twin
(Km,n, Kεn,εm) in S4 is changed into the twin (Kε
′m,ε′(m+n), Kε(m+n),εm) in Σ(Km,n) by
the Gluck twist along Km,n and the twin (Kε
′m,ε′(m+n), Kε(m+n),εm) in Σ(Km,n) is changed
into (Kε
′′m,ε′′(2m+n), Kε(2m+n),εm) in Σ(Kε
′m,ε′(m+n)) by the Gluck twist along Kε
′m,ε′(m+n),
where ε′′ = 1 if 2m + n ≥ 0 and ε′′ = −1 if 2m + n < 0. The composite of these
Gluck twists is nothing but the product of two Gluck twists along Km,n. Hence Km,n
and Kε
′′m,ε′′(2m+n) are equivalent. This implies that the assumption m > n in the above
assertion in [5] is not necessary.
Remark 3.5. In [2], we found a sufficient condition to distinguish branched twist spins by
using the first elementary ideal when m is even. However we cannot apply this argument
in the case where the original 1-knots of branched twist spins are the same. The above
corollary gives a sufficient condition to distinguish such pairs of branched twist spins.
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